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A
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C
o

n
ten

ts

•
P

relim
inaries

(D
ata,N

om
enclature,S

V
D

)

•
M

ethods
(V

isualization
of

V
,A

TestS
tatistic)

•
O

utlook
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D
irk

K
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S
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V
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D
ecom

position
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F
eature

S
election
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cD

N
A

A
rrays

P
relim

in
aries:

T
h

e
D

ata

•
D

ata
from

cD
N

A
nylon

arrays

–
very

noisy
–

highly
variable

–
m

any
genes,low

replication

•
X
∈

IR
p
×

n:data
m

atrix
(ofintensities)

–
p

row
s

representing
the

clones
–

n
colum

ns
representing

the
experim

ents
–

n
�

p:the
w

ellknow
n

curse
ofdim

ensionality
–

suitably
norm

alized
(e.g.using

V
S

N
)
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F
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S
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A
rrays

P
relim

in
aries:

N
o

m
en

clatu
re

•
L

groups

–
form

ing
a

partition
ofthe

setofexperim
ents

–
num

bered
from

1,2,...,L
–

group
i

contains
n

i
experim

ents

=
⇒

L∑i=
1

n
i
=

n

•
Let

A
=

(
a

1 ,
a

2 ,...,
a

n
)

denote
a

m
atrix

in
IR

p
×

n.
T

hen
A

k
=

(
a

1 ,
a

2 ,...,
a

k )
∈

IR
p
×

k
stands

for
the

m
atrix

com
prising

the
first

k
colum

ns
ofm

atrix
A

•
I
d

denotes
the

identity
m

atrix
ofsize

d
×

d

3
03.03.03



D
irk

K
lingbiel

S
ingular

V
alue

D
ecom

position
for

F
eature

S
election

in
cD

N
A

A
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P
relim

in
aries:

S
V

D

Let
A

denote
a

m
atrix

in
IR

p
×

n.T
hen

itcan
be

factorized
as

A
=

U
D

V
>

=
d

∑i=
1

σ
i u

i v
>i
,

(1)

w
ith

d
=

m
in

(p
,n

)
and

U
=

(
u

1 ,
u

2 ,...,
u

d )
∈

IR
p
×

d,
U
>
U

=
I
d ,

D
=

d
iag

(σ
1 ,σ

2 ,...,σ
d ),

σ
1
≥

σ
2
≥
···

≥
σ

d
≥

0,

V
=

(
v

1 ,
v

2 ,...,
v

d )
∈

IR
n
×

d,
V
>
V

=
I
d .

T
he

quantities
σ

i
are

called
the

singular
values

of
A

,
and

the
colum

ns
of

U
and

V
are

called
the

leftand
rightsingular

vectors
of

A
.
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P
relim

in
aries:

P
ro

p
erties

o
f

th
e

S
V

D

•
Totalvariance

explained
by

factor
σ

j
is

σ
2j /

d∑i=
1

σ
2i

•
‖A
‖
2

=
σ

1 ,
‖A
‖

Frobenius
=

(
d∑i=
1

σ
2i )

1
/
2

•
B

estrank
`

approxim
ation

of
A

:

m
in

ra
n
k
(B

)=
` ‖A

−
B
‖
2

=

wwww
A
−

∑̀i=
1

σ
i u

i v
>i wwww

2

=
σ

`+
1

•
F

irst
singular

com
ponents

explain
variance

caused
by

differences
from

zero
=
⇒

center
m

atrix
before

S
V

D
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P
relim

in
aries:

A
p

p
licatio

n
s

o
f

S
V

D

•
S

olutions
to

linear
E

quations

•
N

oisy
signalfiltering

•
C

om
pression

•
T

im
e

series
analysis

•
H

as,ofcourse,been
applied

to
gene

expression
data

before
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A
rrays

P
relim

in
aries:

W
hy

u
se

S
V

D
?

•
R

obustm
ethod

•
C

an
be

used
for

reduction
ofdim

ensionality

•
A

ssum
ption:“genuine”biologicalvariance

biggerthan
(atleast)som

e
ofthe

“experim
entalnoise”

(biologicaland
technicalvariability)
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S
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N
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A
rrays

C
o

n
ten

ts

•
P

relim
inaries

(D
ata,N

om
enclature,S

V
D

)

•
M

eth
o

d
s

(V
isu

alizatio
n

o
f
V

,A
TestS

tatistic)

•
O

utlook
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S
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N
A

A
rrays

M
eth

o
d

s:
V

isu
alizatio

n
o

f
V

—
E

xam
p

le
1

•
M

ouse
experim

ent
by

H
enning

W
itt

(nylon
filters,

≈
25,000

clo-
nes,

4
R

N
A

sam
ples

from
w

ild
type

m
ice,

4
R

N
A

sam
ples

from
M

LP
knock-outm

ice)

•
T

he
first

right
singular

com
po-

nentreflects
the

production
order

•
T

he
second

right
singular

com
-

ponentreflects
“biology”

m
ag

n
itu

d
e o

f m
atrix elem

en
ts

eigengenes

arrays

125 (W
T

)

126 (W
T

)

127 (M
LP

)

128 (M
LP

)

140 (W
T

)

141 (W
T

)

142 (M
LP

)

143 (M
LP

)

diag(D
)
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D
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for

F
eature

S
election
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cD

N
A

A
rrays

M
eth

o
d

s:
V

isu
alizatio

n
o

f
V

—
E

xam
p

le
2

•
M

ouse
experim

ent
by

H
enning

W
itt(sam

e
setup,differentindivi-

duals,differentday)

•
T

hings
look

differenthere

•
In

fact,things
look

a
m

ess

•
T

he
right

singular
com

ponents
reflect—

uhm
...

m
ag

n
itu

d
e o

f m
atrix elem

en
ts

eigengenes

arrays

19 (M
LP

)

29 (W
T

)

39 (M
LP

)

49 (W
T

)

59 (M
LP

)

69 (W
T

)

79 (M
LP

)

89 (W
T

)

diag(D
)
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S
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A
rrays

M
eth

o
d

s:
V

isu
alizatio

n
o

f
V

—
E

xam
p

le
3

•
S

im
ulated

data

–
8,000

genes
–

n
1

=
n

2
=

5
–

50
genes

“up-regulated”,
50

genes
“dow

nregulated”

•
M

ay
look

too
good,but...

•
...later

w
e’llsee

it
could

be
bet-

ter

m
ag

n
itu

d
e o

f m
atrix elem

en
ts

eigengenes

arrays

group.1

group.1

group.1

group.1

group.1

group.2

group.2

group.2

group.2

group.2

diag(D
)
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F
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S
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cD

N
A

A
rrays

M
eth

o
d

s:
V

isu
alizatio

n
o

f
V

—
N

o
rm

alizatio
n

raw

eigengenes

arrays

125 (W
T

)

126 (W
T

)

127 (M
LP

)

128 (M
LP

)

140 (W
T

)

141 (W
T

)

142 (M
LP

)

143 (M
LP

)

R
u

n
n

in
g

 A
verag

e

eigengenes

arrays

125 (W
T

)

126 (W
T

)

127 (M
LP

)

128 (M
LP

)

140 (W
T

)

141 (W
T

)

142 (M
LP

)

143 (M
LP

)

V
S

N

eigengenes

arrays

125 (W
T

)

126 (W
T

)

127 (M
LP

)

128 (M
LP

)

140 (W
T

)

141 (W
T

)

142 (M
LP

)

143 (M
LP

)

•
T

he
influence

of
different

norm
alization

m
ethods

applied
to

the
data

from
the

firstexperim
ent
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A
rrays

M
eth

o
d

s:
V

isu
alizatio

n
o

f
V

—
C

o
n

clu
sio

n

•
S

V
D

can—
m

ore
or

less
clearly—

reflectthe
biologicalvariance

•
O

ther
experim

ents
show

ed
to

be
not

as
beautiful

as
experim

ent
1,

butalso
notas

m
essy

as
experim

ent2

•
Ifone

singular
com

ponentis
notsufficient,take

m
ore!

•
N

orm
alization

m
atters!

•
S

V
D

C
A

N
reflectthe

biologicalvariance!!!
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C
o

n
ten

ts

•
P

relim
inaries

(D
ata,N

om
enclature,S

V
D

)

•
M

eth
o

d
s

(V
isualization

of
V

,A
Test

S
tatistic)

•
O

u
tlo

o
k
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F
eature

S
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cD

N
A

A
rrays

M
eth

o
d

s:
T

h
e

Test
S

tatistic
ũ

—
A

lg
o

rith
m

(1)

(i)
Transform

the
row

s
of

the
data

m
atrix

to
have

a
m

ean
of

zero
and

perform
S

V
D

to
the

centered
m

atrix:

•
X̃

:=
X
−

µ
row

(
X

)

O
therw

ise
w

e
w

ould
obtain

“boring”
firstsingular

com
ponents

•
µ

row
(
X

)
is

the
vector

containing
the

m
eans

ofeach
row

from
X

•
X̃

=
U

D
V
>
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S
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F
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S
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N
A

A
rrays

M
eth

o
d

s:
T

h
e

Test
S

tatistic
ũ

—
A

lg
o

rith
m

(2)

(ii)
F

or
each

ofthe
L

groups
(or

any
setofgroups)

define
a

base
vector

oflength
n

,using
a

centered
indicator

function:

•
b

j
:=

(1
{array

i
from

group
j}
−

n
(j) )

i=
1
,2

,...,n
,

j
=

1,2,...,L

•
n
(j)

is
the

relative
am

ountofexperim
ents

from
group

j,
i.e.

n
(j)

:=
n

j /n
.
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F
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S
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N
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A
rrays

M
eth

o
d

s:
T

h
e

Test
S

tatistic
ũ

—
A

lg
o

rith
m

(3)

(iii)
F

or
each

base
vector

find
a

vector
ṽ

j
∈

sp
an

(
v

1 ,
v

2 ,...,
v

k )
so

that
the

angle
betw

een
ṽ

j
and

b
j

(orequivalently
‖
V

k θ
j
−

b
j ‖

2)becom
es

m
inim

al:

•
‖
V

k θ
j
−

b
j ‖

2
!=

m
in

,
θ

j
∈

IR
k

•
W

e
obtain

the
orthogonalprojection

of
b

j
onto

sp
an

(
v

1 ,
v

2 ,...,
v

k ):

θ
j

=
V
>k
b

j

•
H

ence,
ṽ

j
=

V
k θ

j
=

V
k
V
>k
b

j

•
O

riginalidea:F
ind

b̃
j
∈

sp
an

(
b

1 ,
b

2 ,...,
b

L
)
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M
eth

o
d
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T

h
e

Test
S

tatistic
ũ

—
A

lg
o

rith
m

(4)

(iv)
O

ptionally
check

correlation
betw

een
ṽ

j
and

b
j

•
Ifcorrelation

too
low

,increase
k

and
go

back
to

step
(iii):

•
E

xperim
ents

1
and

2
revisited:

k
1

2
3

4
5

6
7

8
correlation

experim
ent1

0.11
0.94

0.95
0.98

0.99
0.99

1.00
1.00

experim
ent2

0.51
0.51

0.72
0.96

0.97
0.98

1.00
1.00

•
S

o,taking
≥

4
singular

vectors
experim

ent2
doesn’tlook

too
bad
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A
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M
eth

o
d

s:
T

h
e

Test
S

tatistic
ũ

—
A

lg
o

rith
m

(5)

(v)
A

pply
the

coefficients
from

step
(iii)

to
U

k :

•
ũ

j
:=

U
k θ

j
=

U
k
V
>k
b

j

•
T

hat’s
it!
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S
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A
rrays

M
eth

o
d

s:
T

h
e

Test
S

tatistic
ũ

—
A

p
p

licatio
n

(1)

•
N

ow
apply

algorithm
to

data

•
P

-values
are

taken
from

W
elch’s

t-test

•
A

djustm
entofp-values

by
R

’s
p
.
a
d
j
u
s
t

function,m
ethod

is
f
d
r
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F
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S
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N
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A
rrays

M
eth

o
d

s:
T

h
e

Test
S

tatistic
ũ

—
A

p
p

licatio
n

(2)

0
2000

4000
6000

8000

−0.10 −0.05 0.00 0.05 0.10

u−tilde for the sim
ulation experim

ent

Index

sim.ana$u.til[, 1]

o
o

o
o

o

o
o

o

o
o

o

o

o

o
o

o

o

o

o
o

o
o

o
o

o

o
o

o

o

o

o

o

o

o

o

o

o
o

o

o
o

o

o
o

o

o

o

o
o

o

o
o

o

o

o

o

o

o

o

oo

o

o o

o

o

o
o

o

o
o

o
o

o

o

o

o
o

o
o

o

o

o

o

o

o

o
o

o
o

o

o

o
o

o
o

oo

o
o

•
S

om
e

“differentially
expressed

genes
”

are
lostin

the
m

iddle
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A
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M
eth

o
d

s:
T

h
e

Test
S

tatistic
ũ

—
A

p
p

licatio
n

(3)

0
2000

4000
6000

8000

0.0 0.2 0.4 0.6 0.8 1.0

P
−V

alues (sim
ulation)

Index

p.vals

o
o

o
o

o
o

o

o
o

o

o

o
o

o
o

o

o

o
o

o
o

o
o

o

o

o
o

o
o

o

o

o
o

o

o

o

o
o

o
o

o

o

o
o

o
o

o

o
o

o
o

o
o

o

o
o

o

o

o
o o

o

oo
o

o
o

o
o

o
o

o

o

o
o

o

o
o

o
o

o
o

o
o

o

o
o

o

o

o
o

o

o
o

o
o

o o
o

o

•
S

om
e

“differentially
expressed

genes
”

are
lostin

the
m

iddle,and
...
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A
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M
eth

o
d

s:
T

h
e

Test
S

tatistic
ũ

—
A

p
p

licatio
n

(4)

P
−V

alues (sim
ulation, non−adjusted)

p.vals

Frequency

0.0
0.2

0.4
0.6

0.8
1.0

0 20 40 60 80 100

P
−V

alues (sim
ulation, adjusted)

p.adjust(p.vals, m
ethod =

 "fdr")

Frequency

0.0
0.2

0.4
0.6

0.8
1.0

0 500 1000 1500 2000 2500

•
...there

are
lots

offalse
positives

(or
alm

ostno
significantgenes)
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N
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A
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M
eth

o
d

s:
T

h
e

Test
S

tatistic
ũ

—
A

p
p

licatio
n

(5)

−
0.10

−
0.05

0.00
0.05

0.10

0.0 0.2 0.4 0.6 0.8 1.0

u−tilde vs P
−V

alues (sim
ulation)

ana$u.til[, 1]

p.vals

o
o

o
oo

o

o

o
o

o

o

o
o

o
o

o

o

o
o

o
o

oo
o

o

o
o

o
o

o

o

o
o

o

o

o

o
o

o
o

o

o

o
o

o
o

o

o
o

o
o

o
o

o

o
o

o

o

o
o

o

o

o

o
o

o
oo

o
o

o
o

o

o
o

o
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